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Object recognition

Recognition (classification) = assigning a
pattern/object to one of pre-defined classes

The object is described by its features

Features — measurable quantities, usually
form an n-D vector in a metric space



Problem formulation

Non-ideal imaging conditions -
degradation of the image

g =D(f)

D - unknown degradation operator



Basic approaches

- Brute force
 Normalized position = inverse problem

* Description of the objects by invariants



What are invariants?

Invariants are functionals defined on the
Image space such that

» /() = /(D(f)) for all admissible D



What are invariants?




Example: TRS
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What are invariants?

Invariants are functionals defined on the
Image space such that

» /() = /(D(f)) for all admissible D

. [(f,), I(f,) “different enough* for
different 7, £,



Discrimination power
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Major categories of invariants

Simple shape descriptors
- compactness, convexity, elongation, ...
Transform coefficient invariants

- Fourier descriptors, wavelet features, ...

Point set invariants

- positions of dominant points
Differential invariants
- derivatives of the boundary




What are moment invariants?

Functions of image moments, invariant
to certain class of image degradations

» Rotation, translation, scaling
+ Affine transform

- Elastic deformations

« Convolution/blurring
 Combined invariants



What are moments?

Moments are “projections” of the image
function into a polynomial basis

f(x,y) — piecewise continuous image function de-
fined on bounded {2 C R x R
{Ppg(x,y)} — set of polynomials defined on €2

Mypg = | | Ppgl,y) f(x,y)dedy



What are moments?

Moments are not “linear-algebraic coordinates”
of the image in the polynomial basis

f(:l?, y) 7é > M j_'}gpj;}q (Ia Y )



The most common moments

Geometric moments

myy) = / - Py f(z, y)dzdy

(p +g) - the order of the moment



Geometric moments — the meaning
mil) = / Py f(z, y)dzdy
R2

Oth order - area
1st order - center of gravity
an mo1
vt = —— Y= —
nh unn
2nd order - moments of inertia

3 order - skewness



Geometric moments

mif) = [ oy, y)dudy

Uniqueness theorem

If f(x,vy)is piecewise continuous and €2 is bounded
then

f(;’)j‘?’y) — {'m-pq} P4 = O? LQ* T, X



Invariants to translation

Central moments

ufp) = | (@ = )Py = ) f, ydady

Tt = m10/Moo, Yt = Mo1/ Mmoo




Invariants to translation

Central moments

ufp) = | (@ = )Py = ) f, ydady

Tt = mi0/moo, Yt = Mmo1/moo

q k+7 k7
(-}(_1) jxtygmp—k,q—j



Invariants to translation and scaling

/
r =s85-r+a

Y =s-y+b




Invariants to translation and scaling

Normalized central moments

_|_
ypqzﬂpq w:p q

1400 2




Invariants to translation and scaling

Normalized central moments

~ Hpg
Vpg =

- ptq
W =

, 1
J400) 2



Invariants to translation and scaling

Normalized central moments

SNR 10 0

scale



Invariants to rotation

r = xrcost —ysinb

Yy = xsinf+ ycosb



Invariants to rotation
M.K. Hu, 1962 - 7 invariants of the 3rd order

C)l = H20 + 02
T,. 2 4,2
D9 = ( Moo — H-['JQ) + "lﬁ’ll

@3 — (H-:ao — 3}(1-12)2 + (3;1-21 — H-o:a)2

G1 = (30 + ;1..12)2 + (o1 + H-DB)Q



@"55

D6

O7

= (30 — 3pt12) (pea0 + a2 ) ((ps0 + H—-12)2 - 3(p21 + flos)
(3pta1 — fto3) (pro1 + f1o3)(3 (130 + H-12)2 — (p21 + f103)7)

— (H"‘Zl] — [1-[:12)(([1.3[] —+ ;1,,12)2 _ (Hzl + M-‘O.‘B)g) +

Apery (pso + pa2) (po1 + fos)

= (3p21 — pto3)(p30 + p12) (30 + H—-l‘z)g - 3(p21 + fo3)
(pr30 — 3pt12) (pro1 + proz) (3 (0 + “’12)2 — (a1 + f103)7)

2
2

5
2

)

)



Hard to find, easy to prove:

()

/
FL():

h.,-

ﬁill

5 9 .
cos™ 6 - pog + sin” 0 - ppo — sin 26 - g

9 9 .
sin” 6 - oo + cos™ 6 - g + sin 26 - a1

1 - ,
Eh'ill 260 - (1o — o) + cos 268 - g



Aircraft recognition (Dudani et al., 1977)
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Invariants to TRS

In any rotation invariant use the normalized
moments instead of central ones




Drawbacks of the Hu’s invariants

2 42
Dependence b 95 + 07
o )
’ O
Incompleteness | |
mg : (O L 6,2
11 — L) — |
L 40 - Dy

Insufficient number = low discriminability



Consequence of the incompleteness of the Hu's set

The images not distinguishable by the Hu's set



General construction of rotation invariants

Complex moment

/ / z +iy)P(z — iy)* f(z, y)dzdy



Basic relations between the moments

1 Pig q—j
My, = ST ELZU ;ZU (J []] (—1) " Ch i ptg—Fk—j

L K
Cap = Cpq



Examples

Con = 1o

C1p = myg + 1myq

Cop = Mop — M2 + 21y
C11 = Mo + M2



Complex moments in polar coordinates

o0 p2m .
cg;) = / / rPHat1eiP=90 £ (- 0)dOdr
0 0



Rotation property of complex moments

fr0)=fro+e) | -

o —i(p—q)a
Cpg = € Cpg

The magnitude is preserved, the phase is shifted by
(p-q)a.

Invariants are constructed by a proper phase
cancellation



Rotation invariants from complex moments

T
I=1[e, >_ki(pi — i) =0
i=1 i

Examples:

)
C11, €20 - €02, €20 €12y " Cpps Cpg * Cqp, **

How to select a complete and independent
subset (basis) of the rotation invariants?



Construction of the basis

\‘?"}P: 1 {I) (}‘ o Cf“fc{;uﬁ?]
ptaq=o
P =q
po+qo =
po—qp=1
Cpugn 7£ 0

This is the basis of invariants up to the order r



The basis of the 3rd order

po=2.qp=1

O(1.1) = e
O(2,1) = 21019
D(2,0) = et
“[\3(]} — ij,(](?:%j

This is basis B, (contains six real elements)



Numerical properties

400




Comparing B;to the Hu’s set

P = 1]

Qz = 90)C(?

3 = €30003

Oy = 2]C12

05 = Re(c30c))
b6 = Re(cancts)
¢ = Im(czcto)




Drawbacks of the Hu's invariants are
evident now

Dependence O + 2
{ T |
03 = R
| O
Incompleteness
9 l . ) (T.Ti} N



Comparing B;to the Hu’s set - Experiment

The images distinguishable by B, but not by Hu's set



Inverse problem

O (po, qo)

)

-
-

a

'’

—_
-

(

(
(
b
(
(

S’
N
-

()

'

P_L
P—'L

v

)
)
)
)
)

’
’
’
’
’

)

-

o)

(I)(.-r? O)
O(r —1,1)

CpogoCaopo
o0
C10Cq0po
CQOCé(]pU
1
C30Cq0py

Kl '}7‘
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g 17‘ — 4
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Is it possible to resolve this system ?



Solution to the inverse problem

The image orientation cannot be recovered in
principle - one degree of freedom - let us
constrain ¢, to be real and positive. Then

Cpoqy = VP(P0, q0)

d(p, q)
( —
JIH.{ ] }—(J:
.{j;,[]f ()




TSR normalization using moments

w

Constraints on certain moments




Normalized position to scaling

w

. Y
Constraint mopg = 1

w




Normalized position to translation

Constraints ;
myg = 0
my; = 0




Normalized position to rotation

w

Constraint

!
prp =V

Rotation angle

9y
tan 260 = HilL

o0 — H(2



Removing ambiguity

> 4« 42 Y

Additional constraints

!
Hi2

/
o) D
()

/
30

AVARAYS



Moments after normalization

i = A1 = [f';“i"{’ﬂ‘t{‘i}j'w[:H-fn — ) 4+ 4p1q]/2

The moments of the normalized image
are invariants. Compare to the Hu's set !



Moments after normalization

f o .";'—“ é
oo = (D1 +d2) /2

o = (61 — | b2) /2

An alternative approach to constructing
Invariants



Reference ellipse

An ellipse having the same 2"d order
moments as the original object

/ ma’b
fo0 = ——
- 4
, mwab’

)2 1

a, b— major/minor semiaxis



Normalization as an eigenproblem

M = [ﬂf” .Ull]
11 Ho2

! Ao /\1 ! _ :u{:'{] U
M =G"MG ( 0 )\2] [ 0 i

M — | =0



Normalization by complex moments

Constraint

ct real and positive =—
|

[megy
Recgy

/'

- arctan [




Normalization by complex moments

Constraint

ct real and positive =—
|

s —1

o =

lmey
- arctan

Recyy

If s =2 =0 - traditional normalization

Con = Mo — M2 + 22my



Normalization by complex moments

Constraint
c«t real and positive =—

Unambiguous only if s - £ =1

An example: s=6, (=0




Normalization by complex moments
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Unambiguous only if s - £ =1

An example: s=6, (=0
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Normalization by complex moments
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c«t real and positive =—

Unambiguous only if s - £ =1
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Normalization by complex moments

Constraint
c«t real and positive =—

Unambiguous only if s - £ =1

An example: s=6, (=0




Normalization by complex moments

Constraint
c«t real and positive =—

Unambiguous only if s - £ =1

An example: s=6, (=0




Rotation invariants via normalization

» Theoretically equivalent to the previous construction
» |Leads to different basis (more complicated formulas)

* No need to actually transform the object



Pseudoinvariants

How do the rotation invariants
behave under mirror reflection?

T(r.y) = flz,—v)




Pseudoinvariants

How do the rotation invariants
behave under mirror reflection?




Pseudoinvariants

How do the rotation invariants
behave under mirror reflection?

O(p, q) = cpyCaopo = C;q ' (C;DPD



Aspect-ratio invariants




Aspect-ratio invariants

scale of y 05 05

scale of x



Invariants to contrast changes




Invariants to contrast and TRS

— Cpq
AR
oo —
O (p, q)
e Hpg)=—————==
Crg = @2 Cpy [Cpg| - P(pos qo)
— _ (po+ap)p—a)+(p+q)

d(p,q) =a 2 B (p, q)



Invariants to contrast and TRS

scale

contrast



TRS invariants in 3D

Important in medical imaging
(MRI, CT, ...) and stereovision

3D geometric moments

mpgs = [ [ [2Py12" f(w,y, 2)drdyd:z



TRS invariants in 3D

3D central moments

ppgs = [ [ [(e—x0)P (y—y)(z—20)" f (. y, 2)dwdyd>

3D scale-normalized moments

Inae n—+qg-+ s
Vpgs = Hpgs w = d ;}

-]
” |
1000 3




TRS invariants in 3D

Simple 3D rotation invariants

O1 = 1200 + 1020 + 11002

G2 = [020/4002 + 20014002 T H200/4020
2 2 9
—(pp11 + 1101 + H110)



TRS invariants in 3D

Theory based on spherical harmonics




Documented applications of TRS
moment invariants

- Recognition of aircraft and ship silhouettes

» Character/digit/symbol recognition

« Recognition of components on an assembly
belt

* Image registration (medical, satellite, ...)

« Normalization of database images



Back to the rotation invariants in 2D

n n
I=1[e, >_ki(pi — i) =0
i=1 i=1

Recognizing symmetric objects

O A ©®




N-fold rotation symmetry

N-tfold rotation symmetry: the object repeats
itself when rotating by 277 /N for all j =
-+, NV



Examples of AHfold RS

N=1 N=2 N=3 N=4 N=

GB*ARS®

i
- A+O



Qestion: AN-fold symmetry versus axial
symmetry

Axial symmetry S - N-fold symmetry,
S=N

N-fold symmetry - no axial symmetry
or S=N



Difficulties with symmetric objects

Many moments and many invariants are zero

If f(z.y) has N-{old rotation symmetry then

for every p, ¢ such that (p — ¢)/N is not an
mteger,






Proof (continued)

/
C

. _ —2mi(p—q)
If (p—q)/N is not an integer then e™ N £ 1




Difficulties with symmetric objects

The greater N, the less nontrivial invariants

Particularly

o \V =1 (nosvimmetry) = previous case

o NV =2 (central symmetiv)=—  only even-

order mvariants exist

o N = oo (circular symmetry)=—  only
O(p.p) = cpp



Difficulties with symmetric objects

It is very important to use only non-trivial
invariants

The choice of appropriate invariants (basis of
invariants) depends on N



The basis for Acfold symmetric objects
Generalization of the theorem about the basis
Vp.q : D(p,q) = tﬁtpqtitg[]p{]

= (p—q)/N isaninteger



(B) — all rotation invariants generated from B

e VM, N finite, L — least common multiple

(Bar) N (By) = (Br)
[f M/N is integer then (Byr) C (By)

L
AL BN) = (B
® N + 2
=N+ 2
Bl — n .1 J
where n = [r/N|
r+ 2




Recognition of symmetric objects — Experiment 1

ERGEIVW

5 objects with V=3




Recognition of symmetric objects — Experiment 1

Bad choice: p,=2, g,= 1

-17

x 10
10
T Mercedes
¢ Mitsubishi A
8r A Recycling
Fisher
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6_
N
oC)
SNO4r
D
14
A
2 A
A A
JAN
A
_2 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

12
C21%12 x 10



Recognition of symmetric objects — Experiment 1

Optimal choice: p,= 3, g,=0

12

x 10
7 .
1 Mercedes
¢ Mitsubishi o
6rl A Recycling
Fisher
5L O Woolmark
A
"8 4t A
o\—
<
g 3
2_
1 -
O
0@ '
0 0.5 1 15 2 2.5 3

C30%03 x 10



Recognition of symmetric objects — Experiment 2

L mAQ®
F ¢ AO

2 objects with N=1

-

2 objects with N=2

-

2 objects with V=3

-

1 object with N=4

-

2 objects with N= =

-




Recognition of symmetric objects — Experiment 2

Bad choice: p,=2, g,= 1

2
Re(czoc 1 2)

-13

x 10
9
8 -
7 -
6 -
5 -
4 -
Rectangle
3r ¢ Diamond
A Triangle
21 Three-arm symbol
(L O  Square
- Circle
O Cross
O Ring
| | | |
0 0.5 1.5 2 25
€21%12 x 10°



Recognition of symmetric objects — Experiment 2

Better but not optimal choice: p,=4, g,=0

0.025 .
0
0.02
Rectangle
¢ Diamond
~ 0.015¢ A Triangle
o Three-arm symbol
P % . Circle
T Cross
o 0.01f O Ring
» LetterL
Letter F
0.005

0@ 1 1 1 1 1
0 0.005 0.01 0.015 0.02 0.025 0.03
C40%04



Recognition of symmetric objects — Experiment 2
Theoretically optimal choice: p,=12, g,=0

10°

Rectangle *<>
Diamond
Triangle

5 Three-arm symbol
10° - Circle A
Cross
Ring
Letter L
Letter F

> <&

% O

Re(C,34C 12)
o
3

15 | @59

20
10

10

20 15 10

10 10

c12.OCO.12

Logarithmic scale

10 10



Recognition of symmetric objects — Experiment 2
The best choice: mixed orders

0.03
. Rectangle
no25ds <» Diamond
S Triangle
Three-arm symbal
+  Circle
-+ Cross
) Ring
0.02 7r LetterL
Letter F

C40%04
()
>

w
0.01
0.005 -
ok A | I | I | |
0 0.005 0.01 0015 0.0z 0.025 0.03 0.035 0.04

C30%03



Normalization of symmetric objects
by complex moments

Constraint

cst Teal and positive —
|

s — T

o =

Imr_’:,.;f)

- arctan [
Recy

Cst must be non-zero !



Invariants to affine transform

What is affine transform?

u = ap-+ a1xr + avy
v = by + b1 + boy




Why is affine transform important?

 Affine transform is a good approximation of projective
transform

g + a1 r + asy
L +cix+ cyy

bo -+ bl;I? + bg’y
L+ 1z + oy

U =

* Projective transform describes a perspective

projection of 3-D objects onto 2-D plane by a central
camera



Why not projective moment
invariants?

* Do not exist when using any finite set of moments
* Do not exist when using infinite set of (all) moments

» Exist formally as infinite series of moments of both
positive and negative indexes



Affine moment invariants

Many ways how to derive them

Theory of algebraic invariants (Fundamental
theorem)

Graph method

Image normalization

Cayley-Aronhold equation

Hybrid approaches

All methods lead to equivalent invariants ...



... such as

2 |
Iy = (po0po2 _:U'll,:'/ﬂ'[ln

2
-

¢ .:} . :'.‘»'
I, = (30103 — Opftgopa1 12403 + 4ﬂ-3nﬂ-fz}

3 6 2 2 10
F oz — 3pa11T) / g

Two simplest AMI’s, frequently cited



AMI’'s by means of the Fundamental theorem

Binary algebraic form

Algebraic invariant of weight w

f f r r ! f w
I(ag,ay,...,a, ;by,by,.... 0, ;...)=J (a0, a1,...,ap

a;bﬂrblr”*!b;ﬂb;‘”)



AMI’'s by means of the Fundamental theorem

Theorem 3.1 (Fundamental theorem of AMIs) If the binary forms of orders p,, py,
... have an algebraic invariant of weight w and degree r

! ’ ) ) ! r !
I(ag,ay, ... ap, by by, .. by 5.y = T (a0, a1,. .. ap,:bo b1, ..o by

-b:."') ;

then the moments of the same orders have the same invariant but with the additional

factor |J|":

= JUNI T (ppat fpa=1.15 - -+ HOpas Ppy0s Hpy=1,15 - - -y Hpy - -)-



AMI’s by means of the graph method
(x1,Y1), (x2,y2) - arbitrary points

(o = L1Yo2 — X2y

O{Q — J 012

r points, n,; — non-negative integers

1=/ [ 11w Hf(a:m dz; dys
—0o0 — OO ,{-‘-j



AMI’'s by means of the graph method

I(f) = J"-1(f)

where

w = ), N4
k,j



Affine Moment Invariants

(”ﬂ)’r = (sign J)" (”f)’)

oo oo

If wis even = "true" invariants

If wisodd - "pseudoinvariants”



Simple examples of the AMI’s

Nr=2 ny =2

I(f) = / /(ﬂ?l?ﬁ — 2oy )2 f(z1, 1) f(22,y2) dary dyp das dys

-0 =00

= 2(mogmo2 — m%l)

[ = (#-20#02 — #%1)/ #E)lo



Simple examples of the AMI’s

, N9z =0

S

2) r=3, ni2=2,n13 =

I(f) = [ [(ﬂ?lyz — H?le)g(fl?lyg — :1?391)2

— 00 —0CO

(i, y) f(22,y2) f(23,y3) doy dyy dos dys dag dys
= m%omm — dmogmi1Mmi3 + 2MopMmooMas + 4mflm22

—4myi1meamay + MGy 140



Graph representation of the AMI's

(z}..1;.) — a node of the graph 1 & = 2
C}.; —an edge of the graph
Nk » :
Ch;” — nij edges
2 3



Graph representation of the AMI's

[y = {—ﬁ-‘i?’i}uﬁ-’ﬁ:a + Opisoftar [ty oy — 4If-::1cu“:1iz — 4!*{-31!511:% + 34“-51!5;132 ]f'fﬁiclJH




Graph representation of the AMI's

o 9 9% /T
[y = {pootor oz — Hooftyy — Hitftaoftos + a1 flor iz + Hozftsottiz — Fozftsy )] oo



Graph representation of the AMI's

- 2 2 3 /.0
[7 = (ptaoftozfton — flaoftys — Hagfor + 203100220013 — Hs9 )/ Mg



[359

Graph representation of the AMI's

(H50k0,10 — 104304011 ftg + Sptgg aaptas + 4050063, flas — _Jr{]i-’fg[]ﬁ-‘illﬁinzﬁirﬁ

+1[}ﬁ¢§|)ﬁf£|gﬁfifn — 80p30/t1; a7 + 12 “ﬂémﬂﬁﬁiu;f!lh 6”#*{:3(:#*{11!!%3.“::

‘|‘1”ﬁ¢gmﬁfngﬁi&.1 + HUHJEJH%HH& - 1(’{”*2EII111HEJ£H1? + 12 U!'iztlﬂnﬂcuﬁifni

—4”MJH11I lattzs + Dftag ﬂugﬁfhg — 3‘:’!11111 + 807ty fozftes — SO 5o ftzs
)

+40u7 ) g2 — 10p111 Hgattor + Hakti00) / g



Dependence among invariants

* Trivial invariants (zero, identity)

* Reducible invariants (products, linear combinations)

* |rreducible invariants (polynomials, polynomials of
products)

* Independent invariants



Dependence among invariants

 Trivial invariants (always zero or identical)

I(f) = f(:rryz —;1‘-23;1)3}0(:1?1;'3;1)f(:1:2;yg) dry dyr dao dys

= MagMMg3 — 31M91Ma1 + 3Ma1Ma1 — MagMigs = 0.




Removing dependence

Forw=<12:

2533942 752 invariants (graphs) altogether
2 532 349 394 zero invariants

1575126 identical invariants

14 538 linear combinations

2 105 products

1589 irreducible invariants

80 independent invariants



Removing dependence

The most difficult step: How to proceed from irreducible to independent
invariants?

Exhaustive search of all possible polynomial dependencies
—AI312 + 121215012 — 121115 — I, I3 + 4151, - 12 = 0

—16).?172 — 3112151?13 — I1I§I§ + 4I1I61{§ + 12111?13Ig + IE;ISEI{] — I?ISB — —lfq‘g — 1120 =0

The dependencies themselves may be dependent ! (2"4-order dependencies)



Higher-order dependencies

S I+ 1,1, =
So | Ij — I;:;,If =
Sg : Ij + 2[3[51,3 + Iﬁ[b =

Sf + LIJSQ — Sg =0

The number of independent invariants:

n=nyg—nN1+nyg—N3+...,

L



Numerical experiments with the AMI’s

I = (pootto2 — 131)/ 1o



Digit recognition by the AMI's

123486 199

0.02¢
$
0.018} digit 1
digit 2
0.016 ® digit 3 X
digit 4
0.014} + digit 5
digit 6
0.012} O digit 7
v digit 8
0.01} digit 9 *
digit 0 e
0.008
0.006 |
3 v
0.004

002 1 1 1 1 1 1 1 I
0.02 0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06



Noisy digit recognition by the AMI’s

a) Independent invariant set Iy, Iy, I3, [y, I, I7. I, Iy

1 2 3 4 5! 6 7 8 0 0 | overall

% 80 31 34 100 46 76 100 68 51| 66.2

b) Dependent invariant set Iy, [y, I3, 1. I, I, Is, Iy, 11

1 2 3 4 5 6 7 8 9 0 | overall
51 100 46 73 53 5H6 74 100 72 70| 69.5

¢) Independent invariant set Iy, I, I3, Iy, I, I, Is, Io, I25

1 2 3 4 5 6 7 S 9 0 [ overall

89 77 73 63 94 66 79 100 5H4 50| T4.5




Scrabble tiles recognition by the AMI's




Scrabble tiles recognition by the AMI's




Scrabble tiles recognition by the AMI's




Scrabble tiles recognition — the results

* Dependent set of 17 AMI's = 9 misclassifications
(out of 168 cases)

 Independent set of 15 AMI's = 5 misclassifications



Recognition of symmetric patterns

L \. ! I .| %
capital F
1 5k J compass
| %7 3—point star
a7 square
1 + H—point star
’ O circle
05F *»
. \. 0 05 1 15 | 2 25 3
5




Recognition of children’s mosaic
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equilateral triangle
01k £ isosceles triangle
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0 . rhombus
& + big rectangle
PEw 4 small rectangle
<1 rhomboid
% = trapezoid
“r pentagon
-02¢ [ 4+ regular hexagon
% irregular hexagon
circle
—0.37 ellipse
-0.4¢
-0.5 : : . . 02
0.5 0.52 0.54 0.56 0.58 oF o % equilateral triangle
|1 * & & isosceles triangle
-0.2¢ N O square
rhombus
—0.47} s + big rectangle
ﬁ small rectangle
—06r 4 thomboid
IEG—D_B | , trapezoid
o pentagon
-1t 4+ regular hexagon
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12k circle
ellipse
_'14 -
-1.6} 4,
_15 1 1 1 I 1
0.075 0.08 0.085 0.09 0.095 0.1
T

20
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0.8

bear
04l 5t_:|U|rreI
Pig
cat
0.2F bird
dog
<l cock
|19 OF == hedgehog
rabbit
—02P L0 duck
@ dolphin
< cow
_D_4_
-06r +4
Yy
— B 1 1 1 1 1 1 1 1
05 05 06 065 07 075 08 20
I‘I
o
L
2| £
W bear
& squirrel
_4_ O -
T pig
=0 cat
-l +  bird
6 dog
<] cock
-Br [> hedgehog
+ i rabbit
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T
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Robustness of the AMI’s to distortions

6| ©
I,
[10™]
n . Lisa
O
2_
O
Tena® -
+D+
L
0 | 8,
g 6 1 2. 0
I, [107]



Robustness of the AMI’'s to distortions

T [10 2] [10-°] I3[ 10" 12 [10- 211 [10 2 [ [10-° s [10 > [Io[ 10~ 1]
7802 1538 2.136 -1.261 4.003 6408 4.526  1.826
2670  1.202 -1.927 -1.100 4466 5619 4.130 1.589
2680 1.328 -1.957 -1.120 4494 5684 4.158 1.605
2701 1.398 -2.011 -1.162 4528 5.769 4.193 1.626
2816 1.155 -1.938 -1.202 5.033 6.484 4.597 1.868




The role of pseudoinvariants

* They change the sign under mirroring (i.e. if J < 0)

* This may or may not be desirable depending on the
application

* They are zero on all objects having axial symmetry



The role of pseudoinvariants

0.75¢
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0.65¢
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Affine invariants from Cayley-
Aronhold equation

Skewing parameter t
Ol dyuy,

a’f ) Z Z Oftpg dt )

ol
> > Php-1gns— =0
P q 0

Hpq

[ = (Z Cj H Hopje. qgf)fﬂ?m

j=1 (=1



Affine invariants from complex
moments

[(cpg) = (=20)"“ 1 (fpq)



Affine invariants via normalization

Many possibilities how to define normalization
constraints

Several possible decompositions of affine
transform



Decomposition of the affine transform

 Horizontal and vertical ’
translation ’

» Scaling

* First rotation ..

» Stretching

e Second rotation
 Mirror reflection



Normalization to partial transforms

Horizontal and vertical translation -
My; = Myp=0

Scaling -- Cpp =1

First rotation -- C,, real and positive

Stretching -- €50 =0 (Uz0=Hoy)
Second rotation -- C,, real and positive



Moment values after the normalization

Translation, uniform scaling and
the first rotation

o= iji P4 (-1)P* sin? " o cos™ T Uy vasie
Pq =AVIAY - +1,p+a—k—j
k=0 j=0
1 201
= = a.rc-.t.a.n( £l )
2 Hao — Ho2
» Stretching

roq . -
_ Py (Y : SR S o
I'u'igq = oF qZ Z( . (_l)pﬂ sin” ™" v cos?thi o Victj,p+q—k—j
=0 =0 \k/\J

!
5 — 4 1“"3'2
!
Hap




Moment values after the normalization

 Second rotation

P q
Py(4 p+i i p—k+i g+k—j "
Tog = 9 Z (h )(=1)P" sin 0 COS O Kyt miaties

1

s—1

arctan (

Im(c,
Re(lh)



Possible volatility of the normalization

+28 ¢



Affine invariants in 3D

3D affine transform

x'= Ax + b,

x! a; s (g & (g
= w | A= b b b |x=|y | b=| b
z! Cy Co Cq A &y

Analogy with the graph method
I(f) = f crie. H (@, ys, 2:)dasdysdz,
iy j.k.f 1

.E,_

I(f)" =T I(f)



Affine invariants in 3D

An example

P = % [ Chysf (1,91, 21) f(22, Y2, 22) f (w3, Y3, 23)dardyrd2y dacadyad zodzadysdzs | 1oy,

= (200 o020 o0z + 21110101 Mot — ﬁznnﬁ-gu - f-‘ﬂEDH%m - #nnzﬁ%m)/ #E'mf

Corresponding hypergraph




Affine invariants in 3D

P = %_f C123C124C134C 30 f (21, Y1, 21) F (22, Y2, 22) [ (3, Y3, 23) [ (24, Y1, 24)

dxydyydzdaadysdzodrsdysdzadrydysdzy ,ugm =

= (#-anu Mooz 120021 + Moo Mosofio2Ho12 + HosoMoosH210f201 — ﬁ-anuﬂ-mﬂﬁiﬁm—
~ 3004102 ﬁ-gm - .U{IS{}#EIIJM'%I]Q - #-Daﬂﬁ-gm Ho12 — Hoos ﬂ%m#ﬂm - #unaﬂ-zmﬁ%m—
—HzooHozoMooz 111 T Haoofoz o211 + Hosofzon o2/ T Hoosf2i0M120 4111+
+a“—-§1u#-§1g + ﬂ%mﬂgm + :u'%-gnﬁ'%{}g — Hz210ft120 102012 — H210M201 Ho21 Ho12—
— 201 H120/102 Ho21 — 2&210#-012&%11 - 2#-201&021#?11 - 2&120#1{}2&%#
+3 2104102 4021 4111 + 32014120 o121 + ﬂ-%u)/#&w

Corresponding hypergraph




Documented applications of the AMI’s

« Character/digit/symbol recognition in the
case of skewing/slant

» Landmark recognition in robotics

« Recognition of aircraft and ships from non-

perpendicular views

» Recognition of algae, fishes, whales, etc

* Image registration

» Target tracking

« Normalization of database images



Invariants to elastic deformations



How can we recognize objects on curved surfaces ...




Moment matching

* Find the best possible fit by minimizing the
error and set

I(f, f)=min|m — A  ml]|
(1
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