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STROJOV£ UĻENĉ



Å  SU1/USU  ZS, 2+1

Z§kladn² kurz. Existuje i jako ROZP2/ROZRF2

Å SU2 ZS, 2+2

Å DIZO  LS

Å SFTO     LS

PŚedmŊty a n§vaznost



ÅSyst®m (zaŚ²zen², stroj, bytost, 
é), kterĨ um² vn²mat vnŊjġ² 
prostŚed², vyhodnocovat ho, 
rozhodovat se a vykonat akci 
ke splnŊn² c²le, stanoven®ho 
uģivatelem.

UmŊl§ inteligence (AI)



ÅJazykov® modely (ChatGPT)

ÅCall centra, vyŚizov§n² ģ§dost²

ÅGenerov§n² fotografi² a videa

ÅAutonomn² vozidla, drony, roboti

ÅSpecializovan§ jedno¼ļelov§ 
zaŚ²zen²

UmŊl§ inteligence dnes



Å   Vn²m§n²: pŚij²m§n² a zpracov§n² dat

-senzory, ¼loģiġtŊ, software

Å Vyhodnocen² situace

-klasifikaļn² probl®m

Å Rozhodnut²

-optimalizaļn² probl®m

Å Proveden²

- hardware

Boston Dynamics

UmŊl§ inteligence ïobecn® sc®ma

https://www.youtube.com/watch?v=NR32ULxbjYc


Å  AI jako vŊdn²obor 

Å  Robotika

ÅStrojov® uļen² (ML)

ÅKlasifik§tory, rozpozn§v§n², analĨza dat

ÅKybernetika

Terminologie



ÅOBECNĆ

ÅSPECIĆLNĉ

UmŊl§ inteligence 

Z§kladn² odliġnost je v obecnosti zad§n² 

a ve velikosti oblasti pŚ²pustnĨch rozhodnut²



Volba promŊnnĨch, typu a parametrŢ ¼ļelov® funkce  

Å Klasick® metody: promŊnn® definuje uģivatel (handcrafted features), 
parametry (nŊkdy i typ) se tr®nuj² na datech

Å Hlubok® s²tŊ a podobn® metody: promŊnn® se urļuj² tr®nov§n²m 
(learned features)

Strojov® uļen²



Object space and feature space



Handcrafted vs. Learned features



Teaching by showing many examples without sayingwhat the features are

Convolution networks



Properly trained CNN can do this



Å TeoretickĨ vhled

Å Interpretovatelnost

Å Z§vislost na datech

Å Hled§n² pŚ²ļin chyb

Å Tr®novac² mnoģiny

Å Konkurenļn² nebo komplement§rn² pŚ²stupy?

Handcrafted vs. Learned features



Å Pr§vn²

Å Soci§ln²

Å Etick®

Å Psychologick®

Å Politick®

Å M§me se pŚ²chodu AI b§t?

Netechnick® aspekty AI



Duda, Hart, Stork:

 Pattern Classification,

2nd ed., Wiley, 2001

Pattern Classification (2nd Edition)

Literatura

http://www.amazon.com/gp/reader/0471056693/ref=sib_dp_pt#reader-link


Kapitoly 1 a 2 ï struļnĨpŚehled

Literatura



ÅRecognition (classification) = assigning a 
pattern/object to one of pre -defined classes

ÅStatistical (feature -based) PR - the pattern is 
described by features (n -D vector in a metric 
space)

Pattern Recognition



ÅSupervised PR 

    ï training set available for each class

ÅUnsupervised PR (clustering) 

   ï training set not available, No. of classes may not 

be known

Pattern Recognition



ÅIt should contain typical representatives of 
each class including intra -class variations

ÅReliable and large enough

ÅShould be selected by the domain experts

Desirable properties of the training set



Image and feature space



Equivalent to a partitioning of the feature space

Independent of the particular application 

Classification rule setup



Image acquisition

Preprocessing

Object detection

Computing of

the features

Classification

Class label

Object Recognition System



ÅInvariance

ÅDiscriminability

ÅRobustness

ÅEfficiency, independence, completeness

Desirable properties of the features



Example : TRS



Discrimination power



Invariants are functionals defined on the image space such that

I(D(f)) = I(f) for all admissibleD

I(D(f)) = 5ΩόI(f)) - equivariance

What are invariants ?



ÅLet D form a group D

ÅGroup action D x  I Ą I

ÅOrbit D(f)

ÅOrbits are equivalence classes of I/D

hǊōƛǘǎ ŀǊŜ άclassesέ ƻŦ ƻǳǊ ŎƭŀǎǎƛŦƛŎŀǘƛƻƴ ǇǊƻōƭŜƳ

Groups actions , orbits , equivalence



Orbit space

Invariant forms another factor

space (set of equivalence classes)

as I(f) = I(g)

Invariants and orbits



Both factor spaces are equal iff 

I(f1) ґI(f2) for any f1 ґD(f2)

Complete invariants



Å   Sensing, measuring the features

Å Classification - Minimization

of error probability

Å DecisionïMinimization

of a loss function

Å Action - Hardware

Classification and decision making



Example ïFish classification



The features : Length , width , brightness



2-D feature space



Empirical observation

ÅFor a given training set, we can have several 

classifiers (several partitioning of the feature space)

ÅThe training samples are not always classified 

correctly

ÅWe should avoid overtraining of the classifier



ÅEach class is characterized by its discriminant function g(x)

ÅClassification = maximization of g(x)

   Assign x to class i iff

ÅDiscriminant functions define decision boundaries in the 

feature space 

Formal definition of the classifier



Å Discriminant function 

               

Å Various definitions of 

   

Å One-element training set Ą 

Minimum distance (NN) classifier



Voronoi polygons





Off-topic: Delaunay triangulation



Å Depending on              , NN classifier may not be linear

Å NN classifier is sensitive to outliers Ą k-NN classifier

Minimum distance (NN) classifier







Å NN classifier is sensitive to outliers Ą k-NN classifier

Å It finds the nearest training points unless k 

  samples belonging to one class has been reached

k-NN classifier



k-NN classifier



k-NN classifier



k-NN classifier



Discriminant functions g(x) are hyperplanes

Linear classifier



Å Many possible hyperplanes

Å Perceptron

Simple training algorithms



Perceptron



Perceptron ïan iterative trainig



Maximizing the margin

Support vector machine (SVM)



Training algorithm:  Discrete optimization

Åmany versions

Drawbacks:

Å very sensitive to outliers and noise

Å does not consider the shape and the size of the training set

Support vector machine (SVM)





Cost function penalizes the errors

Regularization

Soft margin SVM



How to make them linearly separable?

SVM for linearly non -separable classes



ñCurse of dimensionalityò

Increasing the number of features



ñOvertraining/undertrainingò

ñThe kernel trickò

Mapping the features into another space



Bayesian classifier



Assumption : feature values are random variables

Statistic classifier, the decision is probabilistic

It is based on the Bayes rule

Bayesian classifier



A posteriori

probability

Class -conditional probability

A priori

probability

Total 

probability

The Bayes rule



Main idea: maximize posterior probability 

Since it is hard to do directly, we rather maximize

In case of equal priors, we maximize only

Bayesian classifier



éin terms of discriminat  functions

Equivalent formulation



ÅParametric estimate (assuming pdf is of a 

known form, e.g. Gaussian)

ÅNon-parametric estimate (pdf is unknown or 

too complex)   

ÅFrom the case studies performed before       

(OCR, speech recognition)

ÅFrom the occurence in the training set

ÅAssumption of equal priors

How to estimate ?



Parametric estimate of Gaussian



d-dimensional Gaussian pdf



The role of covariance matrix



Classification = comparison of two Gaussians

Two-class Gaussian case in 2D



Linear decision boundary

Two-class Gaussian case ïEqual cov. mat.



Classification by minimum Mahalanobis  distance

If the cov. mat. is diagonal with equal variances

then we get ñstandardò minimum distance rule

max

min

Equal priors



Linear decision boundary still preserved

Non-equal priors



Decision 

boundary is a 

hyperquadric 

General G case in 2D



General G case in 3D

Decision 

boundary is a 

hyperquadric 



More classes , Gaussian case in 2D



éof the class -conditional distributions?

ÅPearsonôs chi-square test (goodness-of-fit test)

ÅMoment-based tests

ÅVisual assessment 

How to test the normality



ÅGaussian mixtures

ÅParametric estimation of some other pdf

ÅNon-parametric estimation

What to do

éif the classes are not normally distributed ?



Estimation of p(x|w) by relative frequency in volume V

Non-parametric estimation



Volume V is weighted by parametric Parzen window function

Non-parametric estimation ïParzen window



ÅSmall window Ą overtaining

ÅLarge window Ą data smoothing

ÅContinuous data Ą the size does not matter

The role of the window size



n = 1 

n = 10 

n = 100 

n = Ð 



Small window       Large window

The role of the window size



éin multispectral remote sensing 

ÅObjects = pixels

ÅFeatures = pixel values in the spectral bands (from 4 

to several hundreds)

ÅTraining set ï selected manually by means of thematic 

maps (GIS), and on-site observation

ÅNumber of classes ï typically from 2 to 16

Applications of Bayesian classifier



éin multispectral remote sensing 

Applications of Bayesian classifier



éin multispectral remote sensing 

Applications of Bayesian classifier



éin art

Applications of Bayesian classifier



Typically for ñYES ï NOò features

Feature metric is not explicitly defined

Decision trees

Non-metric classifiers



General decision tree



Any decision tree can be replaced by a binary tree

Binary decision tree



ÅNode decisions are in form of inequalities

ÅTraining = setting their parameters

ÅSimple inequalities Ą stepwise decision boundary

Real-valued features



Stepwise decision boundary



The tree structure and the form of inequalities

   influence both performance and speed.

Real-valued features







How to evaluate the performance of the classifiers?

ÅEvaluation on the training set (optimistic error estimate).

ÅEvaluation on the test set (pessimistic error estimate). 

Intuitive evaluation is misleading, different errors may 

have different significance  

Classification performance



Confusion matrix



Confusion matrix 2 x 2



Tuning the classifier



ROC curve

Receiver

Operating

Characteristic



ROC construction



How to increase the performance?

   -  other features

   -  more features (dangerous ï curse of dimensionality!)

   -  other (larger, better) training sets

   -  other parametric models

   -  other classifiers

   -  combining different classifiers

Classification performance



ÅSeveral independent classifiers

ÅAveraging of noisy results

ÅSuppression of extremes

ÅNo guarantee of improvement over the best classifier

Combining classifiers



Combining classifiers in biometrics



P > p   iff   p > 0.5                   

Combining deterministic decisions : voting



Weighted voting: incorporating the expert knowledge

Combining deterministic classifiers : voting



Majority vote ïprobability of success



max                     

Combining probabilistic classifiers



Reprinted from J. Kittler et al., PAMI, 1998                      

Handwritten digit recognition



Training set is not available, No. of classes 
may not be a priori  known

Unsupervised Classification

Cluster analysis



Intuitive meaning

Åcompact, well-separated subsets

Formal definition

Åmany attempts, mostly unsatisfactory

  (t-connectivity, diameter constraint, ...)

Åany partition of the data into disjoint subsets

What are clusters ?



What are clusters ?



Variance measure J should be minimized

Drawback  ï only clusterings with the same N can be compared. 

Global minimum

J = 0 is reached in the degenerated case.

How to compare different clusterings ?

Ward criterion



Drawbacks

The results are sometimes ñintuitively wrongò

because J prefers clusters with approx the same size

Minimization of J



An example of a Ăwrongñ result



Drawback  ï assumes uncorrelated featuresand ñconvexò 

clusters  



Iterative methods

  -  typically if N is given

Hierarchical methods

  -  typically if N is unknown

Other methods

  -  sequential, graph-based, branch & bound, fuzzy, genetic, 

model-based, etc.

Clustering techniques



Å N may be unknown

Å  Very fast but not very good

Å  Each point is considered only once

Idea: 

A new point is either added to an existing cluster or it forms 

a new cluster. The decision is based on the user-defined 

distance threshold.

Sequential clustering



Drawbacks: 

ÅDependence on the distance threshold

ÅDependence on the order of data points

Sequential clustering



1. Select N initial cluster centroids.

N-means clustering



2. Classify every point x according to minimum distance.

N-means clustering



3. Recalculate the cluster centroids. 

N-means clustering



4.  If the centroids did not change then STOP else GOTO 2.

N-means clustering



Drawbacks

- The result depends on the initialization

- J is not minimized

- The results are sometimes ñintuitively wrongò

N-means clustering



Two features, four points, two clusters (N = 2)

Different initializations  Ą different clusterings

N-means clustering ïan example



Initial centroids

N-means clustering ïan example



Initial centroids

N-means clustering ïan example



1.Letôs have an initial clustering (by N-means)

2. For every point x do the following:

    Move x from its current cluster to another cluster, 

such that the decrease of J is maximized.

3. If all data points do not move, then STOP

Iterative minimization of J



Drawbacks

The algorithm is optimal in each step but 

in general global minimum of J is not reached.

Iterative minimization of J



ÅAgglomerative clustering

ÅDivisive clustering

Hierarchical clustering



1. Each point = one cluster

Basic agglomerative clustering



1. Each point = one cluster

2.Find two ñnearestò or ñmost similarò clusters 

and merge them together 

Basic agglomerative clustering



1. Each point = one cluster

2.Find two ñnearestò or ñmost similarò clusters 

and merge them together 

3. Repeat 2 until the stop constraint is reached 

Basic agglomerative clustering



Particular implementations of this method 

differ from each other by :

- The STOP constraints

- The distance/similarity measures used

Basic agglomerative clustering



d(A,B) = d(m1,m2)

d(A,B) = min d(a,b)          d(A,B) = max d(a,b)

Simple between -cluster distance measures



Representation  by a clustering tree (dendrogram) 

Agglomerative clustering



Basic algorithm ï at a certain level, there may be multiple 

candidates of merging.

Random selection leads to ambiguities.

Definite algorithm ï all  such candidates are merged at 

that level  Ą  the number of new clusters emerging at one 

level may be greater than 1.

Definite agglomerative clustering



Basic divisive clustering

1. All points = one cluster



1. All points = one cluster

2. Divide the cluster into two parts A,B such that 

d(A,B) is maximized

3. Select a new cluster to split

4. Apply 2 to the selected cluster 

5. Repeat 3-4 until the stop constraint is reached

 

Full search in S TEP 2 is very expensive ï O(2^n)

Basic divisive clustering



1. Find point p such that the mean of d(p,x) is maximized

2. Divide C into A U B, where B={p} (p is a seed point of 

a new cluster B)

3. For x from A calculate the mean dist d(x,A) and d(x,B). 

If d(x,A) > d(x,B) move x into B. 

4. Repeat 3 for each x from A.

Suboptimal STEP 2 of divisive clustering



Alternatively, any iterative algorithm for N=2 

can be used (N-means, J - minimization, ...)

Suboptimal STEP 2 of divisive clustering



Selecting the next cluster to split

-  randomly (when performing complete decomposition)

- by maximum diameter

- by maximum variance

- by maximum J

STEP 3 of divisive clustering



2 or 4?

       Clustering is a very subjective task

How many clusters are there ?



ÅDifficult to answer even for humans

ÅñClustering tendencyò, ñcluster validityò

ÅHierarchical methods: 

N can be estimated from the complete dendrogram

ÅThe methods minimizing a cost function

N can be estimated from the ñkneesò in J-N graph

How many clusters are there ?



Optimal number of clusters = 4

Life time of the clusters



Optimal number of clusters



Scatter matrices

 - between cluster matrix 

 - within cluster matrix 

 - total scatter matrix 

Other clustering criteria





min

min

max

Other clustering criteria



ÅSegmentation ï clustering in color space

ÅPreliminary classification of multispectral images

ÅClustering in parametric space ï RANSAC, image 

registration and matching

Numerous applications are outside image processing area

Applications of clustering in image proc .







Clustering of clustering methods



Reduction of the Feature

Space Dimensionality



Having D features, we want to reduce 
their number to n, where  n<<D

Problem formulation



ÅPros: Lower computing complexity

                Improvement of the classification performance

ÅCons: Possible loss of information

Why to reduce the number of the features



Basic approaches to DR

ÅFeature extraction

Transform  T :    RD    Ą   Rn

Creation of a new feature space. The features lose

their original meaning.

Example:  n = 1



Basic approaches to DR

ÅFeature extraction

Transform  T :    RD    Ą   Rn

Creation of a new feature space. The features lose

their original meaning.

ÅFeature selection

    Selection of a subset of the original features.



Karhunen -Loeve  Transform

Principal Component Transform

PCT is a method for ñone-classò 

problem, i.e. for non-structured 

data (no class representatives, 

no training sets, just a cloud of 

data points in the feature 

space)



Principal Component Transform



ÅPCT  is a rotation of the feature space 

y = Tôx,

   such that the new features y are uncorrelated , i.e. covariance matrix 
Cy is diagonal.

ÅThis is always possible since the original covariance matrix Cx is 
symmetric and can be diagonalized in the orthonormal basis of its 
eigenvectors

Cy =  TôCx T

ÅFeatures with the highest variances are called principal components . 
First n PCôs are kept.

Principal Component Transform



ÅñOptimalò data representation

ÅVisualization and compression of multimodal images

Applications of the PCT



PCT of multispectral images



PCT for visualization



PCT                             Reconstruction from two PCôs   PCT                                               Original   


